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ABSTRACT 

A diagnostic axisymmetric model in isentropic coordinates is developed to study the effect of differential heating 
on the dynamics and energetics of the steady-state tropical cyclone. From the thermal forcing specified by various 
heating distributions, slowly varying solutions for the mass and momentum fields are obtained by an iterative technique. 

The theory of available potential energy for open systems is utilized to study the energy budget for the hurricane. 
In the slowly varying state, the gain of available potential energy by diabatic heating and lateral boundary processes 
balances the conversion of potential to kinetic energy that, in turn, offsets frictional dissipation. For a domain of 
radius 500 km, the boundary flux of available potential energy is about 40 percent of the generation by diabatic 
heating. For a domain of radius 1000 km, however, the boundary flux is about 15 percent of the generation. 

Horizontal and vertical mixing are studied through the use of constant exchange coefficients. As the horizontal 
mixing decreases, the maximum surface wind increases and moves closer to the center. 

Several horizontal and two vertical distributions of latent heating are investigated. The maximum surface wind 
is dependent primarily on heating within 100 km. The transverse (radial) circulation is closely related to the heat 
release beyond 100 km. In experiments in which the vertical variation of heating is pseudoadiabatic, the temperature 
and outflow structures are unrealistic. A vertical distribution that releases a higher proportion of heat in the upper 
troposphere yields results that are more representative of the hurricane. 
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I. INTRODUCTION 
Within the last decade, numerical modeling has become 

a powerful tool for investigating the life cycle of tropical 
cyclones. With a realistic parameterization of latent heat 
release, the models of Yamasaki (1968a, 19688), Ooyama 
(1969), and Rosenthal(l969) have been successful in dupli- 
cating many observed features of tropical storms. The 
practical limitations of computer size and speed, however, 
have so far restricted these models (and also the present 
model) to two dimensions. 

core for the production of kinetic energy was recognized 
by PalmQn (1948) and re-emphasized by Yanai (1964). 
In  simplest terms, the release of latent heat maintains the 
baroclinicity that drives the transverse radial circulation. 
The horizontal kinetic energy is produced in both the 
inward- and outward-flowing branches by accelerations 
toward lower pressure. This production of kinetic energy, 
in turn, offsets surface and internal frictional dissipation. 

The conversion of potential to kinetic energy through 
cross-isobar flow has been examined in' several disgnostic 
studies (e.g., PalmQn and Jordan 1955, Palmen and Riehl 
1957, Riehl and Malkus 1961, Miller 1958, and Hawkins 
and Rubsam 1968). Recently, Anthes and Johnson (1968) 
estimated the generation of available potential energy 
by diabatic heating in hurricane Hilda, 1964, and con- 
cluded that the generation within a 1000-km region was 
sufficient to  balance the conversion to kinetic energy." 
Thus, on this scale, it was possible to consider that the 
hurricane was a self-sustaining system. 

The importance of differential heating and cooling is 
emphasized in the theory of available potential energy. 
The sensitivity of the generation to  different horizontal 
and vertical distributions of heating in Anthes and 
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Johnson's (1968) results suggests investigating the effect 
of differential heating on the dynamics as well as the ener- 
getics of tropical storms. In particular, the relation 
between generation of available energy and conversion to 
kinetic energy within the storm system should be studied 
to  clarify the role of thermal versus mechanical forcing. 
This relationship has important implications in storm mod- 
ification experiments in which the heating, generation, 
and possibly the conversion are altered in some manner. 

Although interactions between temperature and momen- 
tum structure and large-scale heating certainly exist, the 
hurricane may be considered a direct consequence of 
thermal forcing. It makes sense, therefore, to study the 
response of the hurricane to differential heating by 
specifying steady heating distributions. The mass and 
momentum fields that develop in response to  the steady 
forcing functions are useful in interpreting transient 
stages of hurricane forecast models as well as in testing 
various heating parameterizations. 

The dynamics and energetics of the hurricane's response 
to thermal forcing are studied through a two-dimensional 
model in isentropic coordinates. An iterative technique is 
utilized to  obtain slowly varying solutions of mass and 
momentum for different vertical and horizontal latent 
heating distributions and sensible heat addition a t  the 
earth's interface. The effects of vertical and horizontal 
mixing are also considered. 

The present model differs from previous axisymmetric 
hurricane models in the following respects: 

1. Only the slowly varying solutions for the mass and momentum 
fields that correspond to the mature hurricane are considered. 

2.  In contrast to previous steady-state models, the mass and 
momentum fields are investigated as functions of applied thermal 
forcing rather than vice versa. These experiments are numerical 
analogs to laboratory dishpan experiments that study fluid dynamics 
as a function of fixed heating (cooling) rates. The direct response 
of hurricane dynamics t o  variations in heating are relevant in view 
of the current interest in storm modification. 

3. Isentropic coordinates are utilized for the first time in a system 
that includes diabatic effects. The results may therefore be of 
interest in areas outside the hurricane modeling problem. 

4. The recent theory (exact in isentropic coordinates) of the 
available potential energy of open, isolated storm systems (Johnson 
1970) is applied to the complete hurricane system. 

2. AVAlkABLE POTENTIAL ENERGY 
OF LIMITED REGIONS 

The theory of available potential energy has historically 
been applied to the entire atmospheric system (Margules 
1905, Lorenz 1955, and Dutton and Johnson 1967). 
Recently, however, Johnson (1970) has developed the 
theory for an open system to define the available potential 
energy of a storm and its time rate of change. 

One appealing aspect of applying the theory of available 
potential energy to a tropical cyclone is the condition 
that, as a first approximation, the hurricane may be 
considered an isolated baroclinic disturbance superimposed 
on the nearly flat and horizontal barotropic Tropics. 
Thus one might reasonably expect the available potential 

energy generated on the tropical cyclone scale to be 
converted to  kinetic energy within the same scale. This 
may not be true in the middle latitudes where the flux of 
energy across the boundaries of systems will be large. 

A available potential energy, 
C, drag coefficient, 
c p  

9 
i, 1 
j ,  J 
k 
K total kinetic energy, 
KH 
KT 
K, 
P pressure, 
p ,  reference pressure=lOOO mb, 

Symbols used frequently in this work are: 

specific heat at  constant pressure, 
Coriolis parameter, 
acceleration of gravity, 
vertical grid index, maximum index, 
horizontal grid index, maximum index, 
specific kinetic energy= (1/2) (of+v:), 

horizontal coeficient of eddy Viscosity, 
horizontal coefficient of thermal diffusion, 
vertical coefficient of eddy viscosity, 

f 

heating rate per unit mass, 
saturation specific humidity , 
maximum radial distance of domain, 
gas constant of dry air, 
radial distance, 
horizontal grid increment, 
absolute temperature, 
moist-adiabatic temperature, 
time (iteration) step, 
horizontal wind vector, 
tangential wind component, 
radial wind component, 
height , 
depth of boundary layer (assumed constant), 
potential temperature, 
equivalent potential temperature, 
coldest 6 in domain, 
top isentropic surface in model, 
vertical grid increment, 

tangential direction, 
air density, 
area, 
Montgomery potential = c p  T+gz, 
subscript r denoting reference atmosphere, 
subscript s denoting surface, z=O, 
operator denoting area average, 
del operator on isentropic surface, 
operator=a2/i3r2+ (l/r) (a/&) , and 
vertical (upper or lower) boundary. 

R d l C P l  

A. AVAILABLE POTENTIAL ENERGY EQUATIONS 
FOR THE MODEL 

When one follows Johnson (1970), the available poten- 
tial energy, A, of any region in hydrostatic balance is 
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When one divides the vertical integration into three 
parts, eq (1) becomes 

any specific quantity, such as water vapor per unit 
mass, the total amount of the property in the volume is 

I n  eq (2), Bo is the lowest potential temperature in the 
region; and e t  is the isentropic surface above which the 
atmosphere is assumed to be barotropic. The third integral 
vanishes by the barotropic assumption. When one follows 
Lorenz' convention that the pressure on isentropes which 
intersect the ground equals the surface pressure, the 
available potential energy for the model is 

A= '' pol( pf + K  - pi +x) d u  P a  ( 1 + 4 

In  eq (3), we have used the conditions that, for hydro- 
static atmospheres, 

- 
, p ,  (0)  =; (8) and p8,=p8. 

F = f f J :  rp aZ jdedrdx. 
(9) 

With the aid of Leibnitz' rule, the hydrostatic assump- 
tions, and the continuiby equation, the time rate of 
change of F (Johnson 1970) is 

Equation (10) is greatly simplified for the stationary 
axisymmetric volume of this study in which all tangential 
derivatives vanish and dr,/dt=,o. With these conditions 
and the use of the continuity equation, 

In  this model in which heating vanishes on the upper The upper and lower boundary conditions are 
boundary, the time rate of change of A is 

de,/dt =de,(r,e,,t)ldt 
-_ d A - ~ + ~ + ~  (4) and 

deJd t =deB/d t = 0. dt 
where 

1 With these conditions and after integration, the final 
G=--  9 ir [ i - ( j j / p ) ~ ] Q $ d e d ~ ,  (5) budget equation becomes 

E-*Sr ( j  a ~ ) ~  do-- 2?r s"[ T aP df d d r .  (12) 
d t -  g eo "'Z g o  (6) C=- i  6' (V Vo$) dP dedu, 

9 
and 

8, ap The first term is the change of F caused by transport of .f 
across the lateral boundary while the second term is the 
change due to sources or sinks within the volume. The 

tions provide for the hurricane 

B = i  lie Ve ($-$,)Vdedu. 

heating at high pressure and cooling at  low pressure. The 

(7) 

The generation, G,  by diabatic heating is positive for 

conversion, c, is the production of kinetic energy by 

generalbed budget and available potential energy equa- 

volume, which are studied as the mass and momentum cross-isobar flow' The last B l  represents the change fields seek sbady-state conditions for the applied thermal of A by mass flux across the lateral boundary. For the 
axisymmetric model, B simplifies to forcing. 

3. THE DIAGNOSTIC MODEL 
(8) 

For the hurricane, the surface pressure at the outer isentropic coordinates is the absence of a ( (  vertical 

B = g  lr v,($-#,) ti aP de. 

One of the appealing aspects of numerical modeling in 

velocityi, in the equations of motion for isentropic flows. 
Such a model should have less truncation error than models 
in pressure or height coordinates that must include verti- 
cal atlvection terms. Even under diabatic conditions, it is 
probable that the vertical truncation is less in isentropic 
coordinates because the adiabatic part of the vertical 
motion should be free of error. 

Besides the reduction in vertical truncation error, there 
are several other possible advantages of modeling in 

9 

boundary will be greater than the mean surface pressure, 
the covariance 

of (ap/dB)(u,) and (9-#T) will be positive. In the outflow 
region, (rL-9,) tends to vanish; thus the integral B 
usually provides a positive contribution to dA/dt .  

that #>!h* From the low-level 

B. BUDGET EQUATIONS FOR VOLUME 

In  this subsection, the time-dependent budget equations 
are summarized for a stationary cylindrical volume. Iff  is 
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isentropic coordinates : 
1. The theory of available potential energy is exact in isentropic 

coordinates (Dutton and Johnson 1967). 
2. Johnson and Dutton (1969) stress that mean energy and 

momentum transport processes of the general circulation are ex- 
plicitly coupled with thermal forcing. 

3. Horizontal resolution and vertical resolution are higher in the 
energetically active baroclinic zones. 

Difficulties in using isentropic coordinates arise chiefly 
near the ground where superadiabatic lapse rates are 
found and isentropic surfaces intersect the ground. The 
first problem generally arises over small areas and may 
be solved by utilizing height coordinates in the boundary 
layer and isentropic coordinates above. The second has 
been reasonably well resolved by an interpolation scheme 
in some preliminary adiabatic experiments by Eliassen 
and Raustein (1968). 

To  the author’s knowledge, there has been no previous 
work with numerical modeling in isentropic coordinates 
that includes diabatic processes. In  this particular series 
of experiments in which the heating function is specified 
and the steady-state response determined, isentropic coor- 
dinates are especially attractive because the form of the 
thermodynamic equation is greatly simplified. I n  a broader 
sense, the experience gained by studying thermal forcing 
in this model should be useful in future work with more 
advanced numerical models. 

A. STEADY STATE OR SLOWLY VARYING CONCEPT 

The term “steady state,” when applied to the tropical 
cyclone, usually refers to  the storm’s mature stage in 
which certain significant parameters, such as central prea- 
sure and maximum wind, remain relatively unchanged 
over a period of time. The axisymmetric assumption is 
usually best satisfied during this mature stage. It is dif- 
ficult, if not impossible, for an entire axisymmetric hurri- 
cane system to reach a steady state, particularly in the 
outflow layer at  radii greater than 400 km from the storm 
center (Anthes 19706). However, steady-state solutions 
that compare favorably with observations are possible 
near the center of the storm, even under the axisym- 
metric assumption (Krishnamurti 1961 and Barrientos 
1964). 

In  the iteration technique used in this model, mass and 
momentum are “forecast” using a constant specified 
heating function until the inner region reaches a slowly 
varying state. True steady-state conditions are never 
determined because of the large amount of time required 
to reach such a state. In  typical experiments, changes 
from initial conditions in response to the constant heating 
function are very large during the first few iterations as 
the mass and momentum fields attempt to  adjust to the 
new forcing function. Later, however, rates of change are 
less. When this “slowly varying” state is reached (usually 
after about 1,600 iterations), differences in the results 

caused by experimental variation of physical processes or 
parameters are apparent. 

B. DESCRIPTION OF THE MODEL 

Basic equations. The tangential and radial equations of 
motion and the continuity equation in isentropic coor- 
dinates are 

and 

where the horizontal and vertical mixing terms in eq (13) 
and (14) are expressed in height coordinates rather than 
the more complex transformed expressions ’for computa- 
tional convenience. This approximation is justified from 
the relatively large uncertainty in the form of KH and ITz. 

The vertical velocity term in isentropic coordinates, 
dO/dt, is computed from 

where Q is the parameterized heating rate and is pre- 
scribed as a function of mass. The second term in eq (16) 
results from approximating the horizontal diffusion by 
KTV20 in pressure coordinates and transforming to isen- 
tropic coordinates. Again, the uncertainties in Kr out- 
weigh the error in approximation. 

The lowest prediction level for the velocity components 
corresponds to the center of a boundary layer of constant 
depth, Az, in which a linear variation of stress with height 
is assumed and vertical advection is neglected. The surface 
stress is approximated by the quadratic stress law with 
the surface wind assumed equal to the wind at  the center 
of the boundary layer. Similar one-level Ekman layers 
have been utilized in hurricane models (Ooyama 1969, 
Yamasaki 1968a, 1968b, and Rosenthal 1969). Under the 
above assumptions, the equations of motion for the lowest 
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k f i n e d  Level Mean 
hr iab les  Number p 

310 6 (760 mb) 

FIGURE 1.-Geometry of the isentropic model of the hurricane. 

model level are 

1958). All variables are defined on the sea-level surface. 
On the isentropic surfaces, the variables are staggered for 
computational convenience with V ,  $, and ap/ae defined 
on integer surfaces. The horizontal grid is also staggered 
with V defined at  r = ( j - l ) A r  and the thermodynamic 
variables (9, p ,  Q, dqdt)  defined a t  r = ( j - l / 2 ) A r  for 
j=1,  2 ,  . . . , J. The horizontal domain extends to the 
radius R,, which is either 500 or 1000 km. 

In eq (13) through (19), all space derivatives are esti- 
mated by centered differences. The finite-difference form 
of eq (18) is given with the i index suppressed for 
simplicity : 

and 

(18) 

The local change of surface potential temperature com- 
puted from the thermodynamic equation is 

ae de 
at ar dt 
--- ae, - v, -s+-"+KTv2e,. 

The remaining equations constituting the complete set are 
the hydrostatic equation 

3L T 
ae ' P B  

and the definition of potential temperature 

The finite-difference approximation of the vertical 
mixing term is 

The unwieldy expressions for the second derivative terms 
are greatly simplified for a constant grid interval. The 
general form is retained, however, in anticipation of the 
use of a variable grid in some experiments. 

The pressure is obtained from d p / &  by integrating 
downward from a fixed value of p (365°K) : 

P ~ + ~ / ~ = P ~ - ~ ~ ~ -  ( ~ ~ , ~ - e ~ + ~ ~ ~ )  ae, ap i=l ,  2, . . . , 5 

and (24) 

At the sea surface, e, equals e&). From an integration 
of the hydrostatic equation upward from sea level, $ is 

e= T(PolP) (21) and 
i = 6 , 5  , . . . , 2 ( 2 5 )  + i - l = $ t  + ( e i - l - - B t ) c p  - 

Finite-digercnce equations. The geometry of the model 
(fig. 1) consists of six equally spaced isentropic surfaces 

integer isentropic surfaces are given for reference (Jordan 

?Y2Y 
where 

1 aP 
a06 

I 

p ' P S + ~  - (ei=370"K-iAe, AO= 10"K, i= l ,S )  and the sea-level 
surface. The approximate mean tropical pressures of the and 

#,= C,T;. 
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Boundary conditions. Those for the top isentropic INITIAL v 1  l m / a ) , e ( a K )  

surface are p=140 mb, d%/dt=O, and aV/az=O. At the 
lateral boundary, the pressure and temperature gradients, 
the horizontal divergence, and the relative vorticity are 
all assumed to  vanish, which enables the calculation of the 
variables at R by 

and 

Computational procedure. The iteration technique to 
determine the steady-state solutions utilizes a simulated 
backward-difference scheme (Matsuno 1966), which has 
the desirable property of damping high-frequency waves. 
One cycle of the scheme is summarized with the super- 
script referring to the iteration step number: 

1. Given values of vi, v:, p', p", (&/dt)", e:. 
2. Forecast tentative values vz, vr, (ap/&?)*, e: at step 

n+l (designated by an asterisk) using appropriate tend- 
ency eq (13) through (19) and values of variables a t  step n. 

3. Calculate p* and $* using tentative estimates 

4. Forecast final estimates of v;f.+', v:+', ( P P / % ) ~ + ~ ,  and 
e:+' using * values of variables where they appear in tend- 
ency equations. 

(ap/iM)* and 0:. 

5 .  Calculate p"+' and $"+'. 
6. Calculate (&/dt)"+' from eq (16). 
7. Calculate variables at the lateral boundary from 

eq (26). This completes one iteration step. 

For determining when the quasi-steady state has been 
reached, the following norm on any iterated variable, f, is 
defined by 

After each 20th iteration cycle, L is computed With f 
equal to the radial and tangential winds. The norm is 
computed for separate radial rings, 0-200, 200-400, 
400-600 km, etc., and for each level to determine which 
parts of the domain reach a slowly varying state first. 

Computational stability. The computational stability 
analysis of ihe complete set of equations is very com- 
ha ted .  Separate analyses were made for various combina- 
tions of the lineaiized prediction equations. The most 
stringent stability requirement from these results yields 
an estimate for the requirement for the complete set of 
nonlinear equations. 

The most severe restriction on the size of the time in- 
crement, At) is governed by the speed of the external grav- 
ity wave (Anthes 197Qa, appendix B). When one con- 

0 

200 

- 400 
n 
E 
a 
- 

600 

BOO 

1000 
0 100 200 300 400 SO0 600 700 BOO 900 yx)O 

r (km ) 

FIGURE 2.-Initial tangential wind and potential temperature cross 
section for dl experiments. 

siders the continuity equation and the radial equation of 
motion, the criterion for linear computational stability is 
( A t / A r ) a -  5 1 where p' and p' are mean density and pres- 
sure, respectively, and - is the approximate speed of 
the external gravity wave (about 330 m/s). 

Kinetic energy budget. The kinetic energy budget for the 
volume obtained by equating .f to the specific kinetk 
energy, k, in eq (12) is 

The time rate of change of the specific b e t i c  energy 
obtained by multiplying the tangential and radial equa- 
tions of motion by v~ and 01, respectively, and adding 
becomes 

+% IVl(v?+-tU"x) surface only 

Initial conditions. In all experiments, the initial condi- 
tions (or first guess) consist of a vortex having tangential 
winds in gradient balance with a surface maximum of 
37 m/s at 80 km (fig. 2), a weak warm core with a ternper- 
ature excess of 1°C in the center, and a central pressure of 
970 mb. Through the thermal wind relation, there is a 
slight decrease of wind speed with height. The envkon- 
mental pressure is 1011 mb. The radial winds are calcu- 
lated to balance the vertical divergence tern in the con- 
tinuity equation so that the initial pressure tendency is 
zero. 

C. EXPERIMENTAL PARAMETERS 

In the experiments presented in this paper, the constant 
parameters are the Coriolis parameter, the drag coedficient, 
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6oc 

I (KM) 
FIGURE 3.-Radial profiles of rainfall rates used to specify horizontal 

variations of latent heating. 

and the depth of the boundary layer. The Coriolis param- 
eter is 5.0X10-5 sF1 and corresponds to 20"N. The drag 
coefficient, approximated by 0.003, is selected from empiri- 
cal sludies (Miller 1962). The depth of the boundary layer 
is assumed to be 1.0 km. 

Very little is known about the variation of the vertical 
mixing coefficient, K,. However, it seems qualitatively 
reasonable to assume that the vertical mixing decreases 
as the static stability increases. This effect is included in a 
crude fashion by decreasing K, linearly with height from 
a value prescribed for the 315OK isentropic surface (about 
700 mb) to  one-half this value at  t5e 365" surface. The 
value of K, referred to  in the experiments is the maximum 
value. 

4. EXPERIMENTAL RESULTS 

In  this section, results from some preliminary experi- 
ments are presented. First, the role of internal (vertical 
and horizontal) mixing for a fixed heating function is 
investigated. Then for constant mixing coefficients, the 
response of the mass and momentum structures to various 
horizontal and vertical distributions of latent heating is 
studied. Later, the computational aspects of the model, 
such as domain size, resolution, and variable grid spacing, 
are considered; and finally, fine horizontal resolution is 
utilized to  study the effects of reduced horizontal mixing. 

In  all experiments, the latent heating function is com- 
puted by arbitrarily assuming a radial profile of rainfall 
rates and distributing the equivalent amount of heat 
vertically. I n  figure 3, the rainfall rates that determine the 
horizontal heating distributions in the various experiments 
are presented. The maximum rainfall rate of 50 cm/day 
a t  30 km (corresponding roughly to  the eye wall) is quite 

0 1 I 1 

----- EXI? 9 ( * )  I 
X R  I EXP. 

E - r; '"t n 1 

I I I I 
1 2 3 4 

PRESSURE WEIGHTS FOR HEATING FUNCTION 
FIGURE 4.-Vertical profile of latent heat release for the experiments. 

moderate for a mature hurricane. For example, Riehl and 
Malkus (1961) estimate a rainfall rate of 90 cm/day in 
hurricane Daisy , 1 958. 

The variation of the vertical distribution is one of the 
interesting aspects of the problem in view of our lack of 
knowledge concerning the effective heat release for the 
hurricane scale. The two vertical profiles of latent heat 
release studied in the experiments are shown in figure 4. 
The basis for these profiles is discussed in subsection 4C. 
All experiments, except experiment 9, utilize the distribu- 
tion that releases the higher proportion of heat in the upper 
troposphere. 

The importance of sensible heating a t  the sea-air inter- 
face to hurricane development and maintenance has been 
established from both empirical (Malkus and Riehl 1960) 
and numerical (Ooyama 1969) results. As air flows inward 
toward lower pressure in the boundary layer, the sensible 
heating increases its equivalent potential temperature. 
The higher equivalent potential temperature enhances the 
convection and increases the heating and generation of 
available potential energy. I n  this model, however, there 
is no feedback between sensible and latent heating, and the 
model is insensitive to  this effect. I n  computing dO,/dt, 
eq (19) is approximated by 

The sensible heating, &, is modeled by assuming that the 
total sensible heating is 0.11 X 1014 W (Malkus and Riehl 
1960) and distributing the heat radially, as shown in 
figure 5. 
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I I I I I SENSIBLE HE AT IN G 

I ( k m )  

FIQURE 5.-Radial profiles of surface potential temperature change 
by sensible heating. 

A. VARIATION OF INTERNAL MIXING 

The proper formulation of internal mixing (both hori- 
zontal and vertical) is an important, but unfortunately 
poorly understood, aspect of numerical modeling. Because 
of the diaculty in making direct measurements, the dissi- 
pation of kinetic energy by internal mixing is usually 
estimated as a residual in empirical energy budgets (e.g., 
Riehl and Malkus 1961 and Hawkins and Rubsam 1968). 
These studies indicate that the kinetic energy dissipation 
by internal mixing is about the same magnitude as the 
dissipation at  the surface. 

The horizontal diffusion of momentum in the hurricane 
has been modeled using constant mixing coefficients, but 
the values used by different investigators (table 1) vary 
over several orders of magnitude. A further complication 
is that the truncation errors of the finite-difference schemes 
produce large nonlinear damping. It is therefore of in- 
terest to investigate the magnitude of explicit horizontal 
and vertical diffusion with a model that does not contain 
a large computational damping. 

The vertical mixing process is even more complex than 
horizontal mixing because the vertical eddies (cumulus 
clouds) have the same vertical scale as the hurricane. 
Gray (1967) has found that the momentum transport 
by cumulus convection is an important process in the 
steady-state dynamics of hurricanes. Constant vertical 
mixing coefficients seem particularly inadequate to 
describe this process correctly. Indeed, Gray finds a 
large variation of the vertical mixing coefficients with 
height ranging from lo6 to IO9 cm2/s. 

Because of these uncertainties, the effects of horizontal 
and vertical mixing are investigated in experiments 1 
through 6. The steady heating for these experiments is 
defined by the rainfall profile A (fig. 3) and the solid 
vertical profile in figure 4. The results from these pre- 
liminary experiments are discussed in some detail by 
Anthes (1970a), and only a brief summary is included 
here. 

TABLE 1 .-Ezchnge coeficients (cmz/s) in hurricanes 
~ ~ 

Investigator K X  K. Remarks 

Estoque and Fernandez- 

Gray (1967) 
Kasahara (1961) 
Krishnamurti (1961) 
Kuo (1965) 
Ooyama (1969) 
Riehl and Malkus (1961) 
Rosenthal (1969) 
Yamasaki (1968~ 1968b) 

Partagas (1968) lOblOQ 

1.6X108 
2,7X10* 

1Oa 
107 
108 
108 

- 

107 

- 
loblop - 
1.2~107 
1W10@ 
0-10s 
106 
0-106 
105 

Forecast model' 
Empirical study 
Forecast model' 
Diagnostic study 
Forecast model 
Forecast model 
Empirical study 
Forecast model' 
Forecast model* 

*Denotes additional nonlinear damping due t o  truncation error in finite-difference 
scheme 

The results from experiments 1 through 6 establish 
ranges of the horizontal and vertical mixing coefficients 
that give results comparable to observations. Values of 
Ka 2 10 X los cm2/s result in a large diffuse storm. Values 
of K, I 1 X lo6 cm2/s do not yield sufficient vertical 
mixing t o  produce the vertical momentum structure 
representative of hurricanes (Hawkins 1962, LaSeur and 
Hawkins 1963, Gray 1967, and Riehl and Malkus 1961). 
The strongesl maximum wind and the results that compare 
most closely with the above empirical wind distributions 
(loc. cit..) are obtained for KH = 5 X lo8 cm2/s and Kz = 
5 X lo6 cm2/s; the study of variable heating functions 
begins with these values. The energy budgets for experi- 
ments 3 through 6 are summarized in table 2 for comparison 
with later experiments. 

B. RADIAL VARIATION OF LATENT HEATING 

From the premise of the thermal forcing of the hurricane, 
differences between size and intensity of individual storms 
are related to space and time variations of the heating 
distributions. However, the question of just how sensitive 
or responsive is the storm circulation to these variations 
remains unanswered. In  this subsection and the following 
one, the results of the model attained from various 
combinations of horizontal and vertical heating distribu- 
tions provide some insight inlo this relation between the 
hurricane circulation and thermal forcing. 

The heating function in experiment 6 (Anthes 197Oa) 
produced a rather large storm of only moderate intensity. 
The total heat release, generation of available energy, 
and conversion to kinetic energy were larger than empirical 
results by a factor of 2 or 3. These results suggest that 
the heating function overestimates the latent heat release 
at  large distances from the center. 

I n  experiments 7 and 8, the latent heat release beyond 
100 km is progressively decreased with the result that the 
heating becomes more concentrated near the center 
(rainfall types B and 62 in table 3 and fig. 3).  In  
these experiments, the vertical heating distribution is 
specifled by the solid curve in figure 4. 
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TABLE 2.-Elzergy transformation rates (10~8 W) 

40 - 
m -  ' I 20, - -  
s 0 -  

Experiment 3 4 6 6 7 8 9 10 11 14 

- 
SURFACE, I = 40 krnA 

ik,- 3-8 = 3609 I = 440 Urn 8 ;  3600, I =320 k m  - 
'...>,> ..... ..>-.r.. .rt . .......................................................... - -- ---------- ----------__--___________ ................................................... 

Rainfall profile type A A A 
Vertical profile (p, pseudoadiabatic; c, 

cloud environment) C C C 
KH (10s cmlis) 26.0 10.0 10.0 
K, (1Oe cmzis) 0.5 1.0 6.0 
Qeneration A 24.1 21.2 16.6 
Boundary A 18.2 17.0 13.3 
Conversion to K 42.0 39.2 30.3 
Boundary K - 6 .0  - 4.3 - 2.2 

Lateral mixing -26.0 -16.0 -12.0 
Vertical mixing - 2.6 - 6.0 -18.0 

Drag dissipation -18.0 -22.0 -16.0 

A B 

C C 
6.0 6.0 
6.0 6.0 

17.3 10.7 
14.6 4 .2  
32.9 16.6 

- 2.2 0.0 
-14.0 - 9.2 - 6.8 - 6.7 
-15.0 -11.0 

C 

C 
6.0 
6.0 
4.8 
0.1 
6 .2  
0.0 

-7.0 
-6.0 
-6.0 

B 0.6B 

P C 
6.0 6.0 
6 .0  6.0 
2.9 13.7 
1.1 6.0 
6.3 18.8 
0.0 0.0 

-6.0 -11.0 
-3.0 - 6.8 
-6.0 -10.0 

B 

C 
6.0 
6.0 

13.8 
2.4 

18.6 
- 0.1 
- 9.4 
- 6.9 
-13.0 

B 

C 

2.6 
6.0 
9.9 
3.6 

15.1 
- 0.2  
-12.0 
- 4.2 
-13.0 

TABLE 3.--Summary of experiments investigating radial variation of 
heating 

Experiment Rainfall type Total heating rate 1014 W 

6 
7 
8 

A 
B 
C 

21.3 
11.0 
6.6 

Before the discussion of the steady-state solutions, 
quantitative results illustrating the convergence to a 
steady state as shown by the decrease of the L2 norm are 
presented for a typical experiment. The behavior of L2 
in the other experiments is quite similar. In  figure 6, the 
convergence of the tangential winds is most rapid in the 
lower levels near the center. Inside 200 km, the tangential 
wind has reached a slowly varying state after 800 itera- 
tions. I n  the upper levels, however, at  large distances 
from the center, convergence is much slower. In  fact, 
L&x) at 360°K does not begin to decrease until the inner 
region reaches a quasi-steady state (about 600 iterations). 
The tangential winds in the outer regions are primarily 
determined by the steady-state angular momentum dis- 
tribution near the center. The slow convergence in this 
region reflects the time required for the angular momen- 
tum near the center to  be advected to the edge of the 
domain. 

The convergence of L2(vX) indicates that the solutions 
(for the 500-km domain) may approach arbitrarily close 
to  a steady state, the only limit being the time (and cost) 
required for each experiment. However, the point of 
diminishing returns has probably been reached long before 
6,400 steps, since the tangential wind components at  
selected points (fig. 6) are qualitatively in near-steady 
state after 1,600 iterations. For experiments with 20-km 
resolution, therefore, a compromise of 1,600 steps is 
considered adequate for meaningful comparisons between 
experiments. 

The convergence of the L2 norm on the radial winds for 
the surface and 360°K is shown in figure 7. The oscillations 

----- SURFACE, I 20- 200 km 
8=360°, I = 2 0 - 2 0 0 k r n  
8=  3600 , I = 220-500 krn .............. 

N STEPS 

FIGURE 6.-Time (iteration step) variation of Lz norm on tangential 
wind for the surface and 360°K in a typical experiment. Also 
shown is the variation of vA at three model points. 
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FIGURE 7.-Time (iteration step) variation of the 1, norm on radial 
wind for the surface and 360°K in experiment 7. 
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TABLE 4.-Empiricd energy budgets 

Investigation Region of storm Heating Generation of A Conversion to K Advection of K Surface Internal 
dissipation dissipation 

Anthes and Johnson (1968) 
Hawkins and Rubsam (1968) 
Hughes (1962) 
Miller (1962) 
Pelmen and Jordan (1966) 
Pelmen and Riehl (1967) 
Riehl and Malkus (1961) 

812.5 
8\27 

(W 
c-1000 
C-I60 
0-444 
0-111 
0-666 
0-666 

0-160 
0-160 

(1014 w) 
3.2 
2.2 
6.4 
3.6 
6.4 
6.0 

2.1 
4.0 

(1012 W) 

2.3 

8.0 
16.0 
16.0 

2.8 
6.8 

- 
- 

(1012 W) - 
3.9 

2.4 

0.0 

0.3 
3.6 

- 
- 

(1012 W) - 
-4.2 - 
-6.1 
- 

-13.0 

-1.6 
-3.2 

(1012 W) 

-2.0 

-6.3 

0.0 

-1.0 
-6.6 

- 
- 

- 

superimposed on the downward trend are evidence of 
inertial gravity waves. 

Concentrated heating near the center, experiment 7. I n  
this experiment (rainfall type B, fig. 3), the total heating 
rate is reduced from 21.3 to  ll.0X1014 W, a rate closer 
to empirical results (table 4). The more concentrated 
heating function in this experiment generates a smaller 
warm core with nearly as intense a pressure gradient near 
the center as the one in experiment 6. The tangential and 
radial wind profiles are shown in figure 9 and may be 
compared with those from experiment 6 in figure 8. The 
effect of reducing the heating beyond 150 km on the 
tangential wind is to slightly decrease the maximum 
tangential wind from 34 to 33 m/s a t  60 km. However, 
the winds beyond 150 km decrease significantly. The 
3-percent decrease in the maximum tangential wind 
speed, despite a 50-percent reduction in total heating 
is somewhat paradoxical and emphasizes the importance 
of differential heating in establishing the temperature 
and pressure gradients and the angular momentum 
distribution. 

The changes in the radial winds are greater than those 
in the tangential winds (figs. 8B and 9B). The inflow a t  
the surface is reduced beyond 200 km (e.g., from 11 to 8 
m/s at  250 km). The maximum outflow decreases from 19 
to 14 m/s, and the radius of maximum outflow moves 
inward from 360 to 180 km. 

The results from experiment 7 correspond to  a minimal 
hurricane. The tangential winds show a region of maximum 
cyclonic winds near the center with little vertical wind 
shear below 300 mb. In  the lower levels beyond the radius 
of maximum wind, positive vertical shear exists because 
of surface friction. A small region of anticyclonic winds 
occurs in the upper levels beyond 400 km. 

The radial wind profiles show inflow from the surface to 
about 600 mb, although significant ( I v , ~  2 5  mls) inflow is 
limited to the region below 800 mb. The maximum inflow 
of 15 m/s is somewhat stronger than empirical observations 
(e.g., Miller 1962) but weaker than the inflow found in 
separate boundary-layer experiments (Anthes 1 9 7 0 ~ ) .  
Sigmficant outflow occurs above 300 mb. 

, , , ' 16' 40 
N-1600 

8.360 
> 

0 

-10 

A 
I 1 1 I 

-20; ,A0 2AO do 4bO 5bO -20! 100 200 300 400 500 

r [ k m )  I (hm) 

FIGVRE 8,-Radial profiles of slowly varying (1,600 iterations) 
tangential (A) and radial (B) winds for various levels in experi- 
ment 6. 

V r  
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V i  

N = 1600 N ~1600 

FIGURE 9.-Radial profiles of slowly varying (1,600 iterations) 
tangential (A) and radial (B) winds for various levels in experi- 
ment 7. 
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FIQURE 10.-Generation of available potential energy cross section 
for a slowly varying state (1,600 iterations) in experiment 7. 

The vertical cross sections of the generation of available 
potential energy, A, are shown in figure 10. Most of the 
generation occurs in the middle and upper troposphere 
inside 150 km, a result that agrees well with the empirical 
estimate of Anthes and Johnson (1968). On the other hand, 
conversion of available to  kinetic energy, C(A, K ) ,  occurs 
mainly below 800 mb inside 300 km where the inflow and 
acceleration toward lower pressure are large. 

The difference between observed rates of change in the 
total kinetic energy of the volume and the instantaneous 
tendencies computed from eq (29) is an estimate of the 
truncation error in the model. The tendencies as a function 
of iteration step and the observed changes evaluated over 
100 steps (fig. 11A) show little systematic deviation. 
Maximum differences are about 10 percent, indicating 
that truncation error is small. 

Figure 11B shows the evolution of the different compon- 
ents of the rates of change of available potential and kinetic 
energy. Initially, the dissipation by horizontal mixing is 
dominant, causing a large negative kinetic energy tendency. 
The internal mixing decreases slowly after 400 steps. 
Throughout the entire experiment, the dissipation from 
surface drag is smaller than that from internal mixing. 

One of the most interesting features of the energy 
budget evolution is the relationship between changes in the 
generation G(A) and boundary flux B(A) of available 
potential energy and its conversion to kinetic energy. Al- 
though energetic consistency requires only that these 
changes be equal in the steady state, there is an extremely 
close correlation between the two at  all stages of all the 
experiments. This suggests that the available energy gen- 

O -  A A U  
- 

L 

%-IO 

2 - 1 5  - - 

I t  

N STEPS 

erated by the steady forcing is almost immediately 
converted to kinetic energy. 

Initially, the kinetic energy conversion closely follows 
the generation. After 300 steps, however, the mass outflow 
is removing heat at  500 km that would otherwise reduce 
the radial temperature gradient. This process is reflected 
in an increase in the boundary term B, of the available 
energy change equation. The sum of the generation and 
boundary terms continues to almost exactly balance the 
conversion to  kinetic energy, so that changes in the store 
of available potential energy are small. 

Although the boundary term in the available energy 
budget is large, the boundary flux of kinetic energy B(K) 
is small compared to the conversion and dissipation proc- 
esses within the volume. The contribution is relatively 
constant and is negative, indicating that the storm is 
exporting kinetic energy to the environment. 

The contribution by the various energy transformation 
processes within 100-km radial rings is presented in figure 
12. Most of the generation occurs inside 200 km while 
its conversion to  kinetic energy occurs primarily between 
100 and 300 km. The large contribution to the available 
energy budget by the boundary processes supports earlier 
studies which show that the hurricane cannot be considered 
a closed system on this scale. In  the total energy budget 
(table 2), the generation of available potential energy 
and its conversion to  kinetic energy are reduced to 10.7 
and 16.5 X 10l2 W, respectively-values that compare 
favorably with the empirical results in table 4. The 
kinetic energy sinks are 9.2X10'2 W for surface drag, 
11.0X1012 W for vertical (V) mixing, and 5.7X10L2 W for 
horizontal (H) mixing. Comparison of these dissipation 
rates with empirical results is difficult. While the 
dissipation by drag friction is readily computed from hurri- 
cane wind data, dissipation by internal mixing is usually 

437-755 0 - 71 - 4 
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FIGURE l2.-Energy budget components within 100-km radial 
rings for a slowly varying state (1,600 iterations) in experiment 7. 

computed as a residual in a kinetic energy budget. Also, 
the empirical results in table 4 were determined for only 
a small portion of the storm ( r I 1 5 0  km). 

The ratio of internal mixing to surface friction in table 4 
ranges from 0.48 to 2.06. The ratio in experiment 7 is 1.8 
which is near the upper limit of the empirical estimates 
(the range of this ratio in all subsequent experiments is 
1.02 to 2.01). Beyond 200 km, the vertical mixing may be 
overestimated for two reasons. First, the assumption that 
K, is constant horizontally is very crude. The vertical 
turbulence, including cumulus convection, probably de- 
creases with increasing radius; therefore, K, in the model 
should decrease also. Second, the large vertical mixing 
dissipation is related to the fact that the middle-level 
winds in the outer region have not yet completely ad- 
justed to the upper and lower level winds, a consequence 
of weak vertical coupling in the absence of heating. Thus, 
the vertical shear resulting from the initial conditions is 
still large. 

In  summary, the effect of reducing the heating beyond 
200 km in experiment 7 is to significantly reduce the 
tangential and radial wind components a t  larger radii. For 
a reduction of the total heating by 50 percent, only a 
3-percent decrease in maximum tangential wind is pro- 
duced. The generation and conversion of available energy 
and dissipation of kinetic energy compare favorably with 
empirical evidence, even though the total heating is some- 
what high. 

Very concentrated heating near center, experiment 8.  The 
thermal forcing by the extremely concentrated heating 

-IO1 

30 

20 

FIQURE l3.-Radial profiles of slowly varying (2,400 iterations) 
tangential (A) and radial (B) winds for various levels in experi- 
ment 8. 

function, type C in figure 3, is studied in experiment 8. 
Inside 100 km, the horizontal distribution is essentially 
unchanged from that in experiments 6 and 7. The heating 
rate beyond 100 km is greatly reduced; and the total 
heating decreases to 5.5XlOI4 W, an amount comparable to 
observational evidence (table 4). 

Because of the concentrated heating distribution, a 
variable grid was utilized in experiment 8. For r I 1 6 0  km, 
the resolution is 10 km. For r >160 km, the resolution 
varies smoothly from 10 km to 25 km at the maximum 
radius of 500 km. The use of a variable grid is justified in 
a later experiment. 

Within 100 km, the tangential and radial wind profiles 
for experiment 8 (fig. 13) are quite similar to the profiles 
for experiment 7 (fig. 9). The slight shift inward of the 
maximum wind from 60 km (exp. 7) to 50 km (exp. 8) is 
probably a consequence of the increased resolution rather 
than the heating reduction beyond 100 km. 

Although changes inside 100 km are small, large dif- 
ferences are present at  greater distances. Maximum out- 
flow is reduced from 14 m/s a t  180 km (exp. 7) t o  10 m/s 
at  100 km (exp. 8). At 300 km, the outflow is reduced 
from 11 m/s to  3 m/s. 

The decreased outflow produces a different tangential 
wind distribution at  larger radii. Whereas the stronger 
outflow in experiments 6 and 7 produces anticyclonic 
winds at  500 km by an outward advection of low angular 
momentum from the center, there is little radial advection 
at  this distance in experiment 8. Thus internal mixing 
dominates, and the tangential winds slowly decay. 

The energy budget reflects the decrease in storm 
intensity compared with experiments 6 and 7. The genera- 
tion of available energy occurs entirely within 100 km. 
The boundary term in the available energy budget 
decreases from 4.2X1Ol2 to 0.1X1012 W. The total 
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N = 1600 N = 1600 

energy budget (table 21) shows significantly smaller values 
for all processes, except horizontal mixing. 

Experiments 6, 7, and 8 indicate that the reduction of 
heating a t  large distances has little effect on the inner 
region of the storm and suggests that the maximum winds 
are determined primarily by heating in the inner region. 
As the heating is reduced a t  larger distances, the storm 
decreases in horizontal extent; and the tangential and 
radial winds beyond 100 km are reduced. The size and 
intensity of the anticyclone alofb are closely related to  the 
amount of heating a t  large distances from the center. 
This relationship suggests that the intensity of the thermal 
anticyclone associated with storms in nature should be 
closely correlated with the diameter of the active 
convective area. 

C. VERTICAL VARIATION OF LATENT HEATING, 
EXPERIMENT 9 

The vertical distribution of latent heating is an 
important aspect of the tropical cyclone problem. Early 
attempts at  hurricane modeling (e.g., Kasahara 1961 and 
Rosenthal 1964) related the heating to the variation of 
saturation specific humidity, qs, along an appropriate 
moist adiabat. This pseudoadiabatic type of heating 
resulted in unrealistic circulations and showed that the 
hurricane could not be considered a huge cloud. Kuo (1965) 
attempted to relate the large-scale to  the cloud scale 
heating by making the heat release a t  any level propor- 
tional to the cloud-environment temperature difference. 
Parameterization similar to this type of heating (hereafter 
called “cloud-environment” type) has given quite realistic 
results in hurricane models (Yamasaki 1968a, 19686; and 
Rosenthal 1969). 

I n  experiment 9, the vertical distribution of heating is 
proportional to aq@p along the moist adiabat defined by 
an equivalent potential temperature of 365°K. The 
relative distribution is contrasted with the vertical heating 
distribution of the earlier experiments in figure 4. The 
horizontal heating distribution and all other parameters 
are identical to  those in experiment 7. 

Figure 14 shows the radial profiles of tangential and 
radial winds in experiment 9. The low-level tangential 
wind profiles are similar to  those in experiment 7 (fig. 9). 
The reduced vertical transport of momentum in the upper 
levels, however, yields weaker winds. The radial wind 
profiles show a deep, weak outflow layer in experiment 9 
in contrast to the shallow, stong outflow layer of experi- 
ment 7. This difference is related to  the change in thermal 
structure shown in figure 15. In  experiment 9, the level 
of maximum temperature departure drops from 300 to 
500 mb, the pressure gradient decreases more rapidly 
with height, and the outflow begins at  lower levels. Neiw 
200 mb, the atmosphere is nearly undisturbed. 

The upper level temperature structure and the radial 
winds of experiment 9 are not supported by empirical 
evidence. Observations show that the maximum tempera- 

I ( U r n 1  I I M m l  

FIGURE 14.-Radial profiles of slotvly varying (1,600 iterations) 
tangential (A) and radial (B) winds for various levels in experi- 
ment 9. 
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FIGURE 15.-Isentropic cross section for slowly varying state (1,600 
iterations) in experiments 7 and 9. 

ture departure occurs in the upper rather than middle tro- 
posphere (Hawkins and Rubsam 1968 and Malkus and 
Riehl 1961). They also support a thin, strong outflow 



630 MONTHLY WEATHER REVIEW vol. 99, No. 8 

layer rather than a deep, sluggish layer (Miller 1958, 
1964). These results confirm that the vertical heating 
distribution of experiment 9 is not appropriate to the 
hurricane scale in the mature, slowly varying state. 

D. VARIATION OF TOTAL HEATING, EXPERIMENT 10 

The results from the previous experiments emphasize 
the importance of variable heating distributions. In  all 
the experiments, the heating maximum was defined by a 
rainfall rate of about 50 cm/day at  30 km, a moderate 
rate for a mature hurricane. In  experiment 10, the heating 
function is one-half that of experiment 7, while the hori- 
zontal and vertical heating variation and all other param- 
eters are identical. 

As expected, the tangential and radial circulations are 
considerably less than those in experiment 7; and the 
thermal structure shows a weaker warm core. The maxi- 
mum tangential wind is reduced from 33 to 25 m/s; maxi- 
mum inflow is reduced from 15 to 9 m/s, while the outflow 
is decreased from 14 to  7 m/s. The maximum temperature 
departure is reduced from + 10‘ to +4’C. The profiles are 
not shown. Thus, the thermal forcing given by the rainfall 
rates of experiment 10 produces maximum winds that 
are typical of a weak tropical storm. 

E. EXPERIMENTS OF A COMPUTATIONAL NATURE 

The experiments so far have emphasized primarily the 
role of physical processes such as variable mixing and 
heating in the determination of steady circulations. In  
numerical models, however, it is also important to  ascer- 
tain the effect of the computational or artifical aspects 
of the model on the solutions. Ideally, the effects of domain 
size, boundary conditions, and resolution should be small 
in comparison to physical effects. The experiments in this 
section compare solutions with domains of 500 and 1000 
km, with constant horizontal resolutions of 10 and 20 km, 
and with a variable horizontal grid. 

Domain size, experiment 11. The effect of the arbitrary 
horizontal boundary conditions may be investigated by 
increasing the size of the horizontal domain. Experiments 
7 and 11 are identical, except that the horizontal domain 
of 500 km is extended to 1000 km in the latter. Figure 16 
shows the tangential wind profiles for both experiments. 
Differences for r<200 km are less than 30 cm/s at  all 
levels. Between 300 and 500 km, however, the maximum 
difference is 1 m/s. The low-level tangential winds show 
greater anticyclonic shear in experiment 11, a result of the 
boundary condition of zero relative vorticity being shifted 
from 500 km in experiment 7 to 1000 km in experiment 11. 

A small difference is also present in the low-level 
radial wind profile (not shown). The boundary condition 
of zero divergence at  500 km in experiment 7 is replaced 
by weak positive divergence in experiment 11, and the 
inflow is less by 0.4 m/s at  this distance. The small 
differences be tween these two experimenls, especially 
near the radius of maximum winds, justify the use of the 
500-km domain. 

EXP. Ll I = F000b.n 
EXP. 7 I =  5 0 0  krn 
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FIQURE 16.-Radial profile of slowly varying (1,600 iterations) 
tangential winds at various levels in experiments 7 and 11. 

Variable grid, ezperiment 12. In  numerical models of 
atmospheric convective phenomena such as cumulus 
clouds, squall lines, or hurricanes, a greater resolution 
for a portion of the domain is desirable. For the hurricane, 
a finer mesh is needed near the eye wall where horizontal 
gradients are larger than in the environment of the storm 
where gradients are weak. The variable grid for this 
model is defined by retaining a constant grid from the 
origin to R, and introducing the transformation 
r=Ro+x2+cx for r>Ro. This transformation, with 
proper choice of R,, c, and increment, Ax, increases 
computing efficiency with no significant reduction in 
accuracy. 

Results from a variable and a fixed grid are compared, 
where the size of the domain is 1000 km and the horizontal 
resolution for ~ 5 3 0 0  km is 20 km in both experiments. 
For the variable grid (exp. 12), the parameters of the 
transformation are Ro=300 km, c=395.1 and 
Ax=43.6 m”2. The resolution varies from 20 km at 
300 km to 73.3 km at 1000 km. The number of grid 
points is reduced from 51 t o  31, and a 40-percent saving 
in the computational time is achieved. Initial conditions 
for the grid points beyond 300 km are interpolated from 
the profiles of the fixed grid. 

Figure 17 shows the radial wind profiles after 1,600 
iterations. Differences are extremely small; for example, 
the difference in maximum inflow between the variable 
grid experiment and the fixed grid experiment is 0.09 
m/s. The maximum tangential wind difference is 0.05 
m/s. Exact comparisons beyond 300 km are difficult 
because the grid points in the two experiments do not. 
coincide. Qualitatively, however, the results agree very 
well and suggest that a further reduction in grid points 
may be possible without generating unacceptable errors. 
The close agreement between experiments 11 and 12 
justifies use of the variable grid as an economically useful 
substitute for the constant grid. 

High (10-km) resolution, experiment 13. In  the final 
experimenl of a computational nature, experiment 7 is 
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FIGURE 17.-Radial profile of radial winds after 1,600 iterations in 
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FIGURE 18.-Radial profile of tangential winds after 400 iterations 

in experiment 7 and 800 iterations in experiment 13. 

repeated utilizing the variable grid. For Ro=150 km, 
c=484.1 mlp, and Ax= 19.85 m1j2, the resolution varies 
from 10 km within 150 km of the center t o  25 km at 
the outer boundary of 500 km. The number of grid 
points increases from 26 in experiment 7 to 36 in experi- 
ment 13. Because the time step must be halved to satisfy 
the linear computational stability requirement, an in- 
crease in computation time of 138 percent is required. 

Figure 18 shows the tangential wind profiles for 400 and 
800 iterations, respectively. The profiles for experiment 13 
are somewhat smoother near the radius of maximum wind 
than for experiment 7. The maximum tangential wind is 

-? 1 

r ( k m )  I ( h m )  

FIGURE 19.-Radial profile of slowly varying (2,400 iterations) 
tangential (A) and radial (B) winds for various levels in experi- 
ment 14. 

reduced from 39.28 in experiment 7 to  38.65 m/s in experi- 
ment 13, while the maximum inflow decreases from 18.28 
to 17.63 m/s. These differences, which are about 2 percent, 
appear insignificant in view of the 138-percent increase in 
computational time. 

F. HIGH-RESOLUTION EXPERIMENT WITH REDUCED 
HORIZONTAL MIXING, EXPERIMENT 14 

After the preliminary series of experiments, a value for 
KH of 5X lo8 cm2/s was used in subsequent experiments. 
For investigating the effect of decreasing this horizontal 
mixing coefficient to 2.5X108 cm2/s, the variable grid of 
experiment 13 with 10-km resolution near the center and 
the heating function of experiment 7 is utilized. 

Momentum and temperature structures. Figure 19 shows 
the slowly varying tangential and radial wind profiles for 
experiment 14 which should be compared to those for 
experiment 7 (fig. 9). The maximum tangential wind 
increasesfrom 33 to 41 m/s in experiment 14, and the 
radius of maximum wind shifts inward from 60 to 40 km. 
Maximum inflow increases from 15 to 17 m/s. The irregu- 
larity in the radial wind profile at 70 km indicates that  
the resolution in this region is insufficient to adequately 
resolve the extremum. The temperature structure shows 
a more concentrated warm core in experiment 14 than in 
experiment 7, with a maximum temperature anomaly 
increase of 3°C. 

The circulation in experiment 14 is the strongest of all 
the experiments. Figures 20 and 21 show cross sections of 
the tangential and radial wind. The tangential circulation 
is stronger and more concentrated near the center than in 
experiment 7.  The weak upper level anticyclone at  500 
km in experiment 7 is not present because the cyclonic 
circulation in the upper levels near the center is stronger 
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FIGURE 21.-Radial wind cross section for the slowly varying state FIGURE 23.-Generation of available potential energy cross section 
for the slowly varying state (2,400 iterations) in experiment 14. (2,400 iterations) in experiment 14. 

in experiment 14, so that the radius at  which the relative 
circulation becomes anticyclonic is greater. This result 
and the strong dependency of the upper level outflow on 
the horizontal heating distribution found earlier suggest 
that relatively weak storms with large diameters should 
be accompanied by stronger upper level anticyclones than 
smaller more intense storms. 

Energy budget. The efficiency factor cross section for 
experiment 14 (fig. 22) shows positive efficiency factors 
the middle and upper troposphere extending from the 
center to 300 km. Negative e5ciency factors occur in the 

lower levels near the center and in the upper levels beyond 
300 km. In  figure 23, almost all the generation occurs 
inside 200 km and above 600 mb. 

The energy budget shown in figure 24 and the total 
budget summarized in table 2 are quite similar to  the 
results from experiment 7 (fig. 12). Although the dissipa- 
tion of kinetic energy by horizontal mixing is reduced in 
experiment 14, the dissipation at  the surface and through 
vertical mixing is increased. The latter increases are due 
t o  the greater low-level wind speed and the increased 
vertical wind shear. 
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14 (see fig. 12 for the key). 
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G. NUMERICAL AND EMPIRICAL 
PRESSURE-WIND RELATIONSHIP 

Empirical evidence (col6n 1963) indicates a close 
relationship between central pressure and maximum wind 
speed. Figure 25 shows the model results from five 
experiments superimposed on Col6n’s data. Central 
pressure in the model is defined as the pressure at  the 
first prediction point for pressure, which is either 5 or 
10 km. All points from the model experiments lie within 
a region that bounds the empirical data. 

The relationship between central pressure and radius 
of maximum wind is another aspect of the model to be 
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FIQURE 26.-Scatter diagram of radius of maximum surface winds 
versus central pressure for empirical data (Col6n 1963) and model 
experiments. 

compared with Col6n’s (1963) data (fig. 26). Col6n 
discusses two types of storms. The “Daisy type,” repre- 
sented by dots in figure 26, is small and shows little 
relationship between central pressure and radius of 
maximum wind. The [‘Helene type” storm, represented 
by crosses in figure 26, is larger and shows an increasing 
radius of maximum wind with increasing central pressure. 
From figure 26, we see that storms produced by this 
model appear to fit the Helene type. 

The degree of gradient balance throughout the storm 
system has received attention from investigators (e.g., 
Hawkins and Rubsam 1968). Their results show that the 
inner region is fairly close to gradient balance. In  these 
experiments, except for the winds near the surface which 
are subgradient by 20 to 40 percent and in the outflow 
layer where radial advection is important, gradient 
balance is closely approximated. Models with low vertical 
resolution may have outflow layers closer to gradient 
balance because horizontal advection in a deeper outflow 
layer will be much weaker. 

5. SUMMARY 

A diagnostic model in isentropic coordinates is developed 
to study the energetics and dynamics of the steady-state 
mature tropical cyclone. Slowly varying solutions for the 
mass and momentum fields are obtained by an iterative 
technique for the thermal forcing specified by several 
heating distributions. The principle conclusions from the 
preliminary experiments are : 

1. The magnitude and distance of the maximum wind from the 
center is determined primarily by the heating inside 100 km. 
Large variations in heating beyond 100 km have little effect on the 
maximum wind but produce considerable changes in the outflow 
intensity. Because angular momentum tends to be conserved in the 
outflow layer, the size and intensity of the upper level anticyclone 
is also closely related t o  the heating at large distances from the 
center. 



2. In experiments in which the vertical variation of heating is 
proportional t o  the condensation of water vapor along a moist 
adiabat, the temperature structure shows a low-level warm core and 
a deep, weak outflow layer. A vertical distribution that releases a 
higher proportion of heat in the upper troposphere gives more 
realistic results. 

a vertical mixing coefficient that decreases linearly with height, 
values of KH> 5X lo8 cmz/s result in diffuse storms; and values of 
K,< 1X 106 cm2/s produce storms with large vertical shear. Results 
most similar to observations are obtained for KH=2.5 and 5X lo8 
cm2/s and IC,= 5X 108 cmz/s. 

4. In the slowly varying states, the generation and boundary 
flux of available potential energy, conversion to kinetic energy, 
and dissipation of kinetic energy by surface and internal friction 
are balanced. Paradoxically, therefore, experiments with the most 
internal friction contain the most kinetic energy. The relationship 
between low-level inflow, high-level outflow, and the warm core 
structure produce a positive boundary contribution to the available 
potential energy budget. On a scale of 500 km, this boundary term 
is nearly as large as the generation term in some experiments. On 
a scale of 1000 km, however, the generation is an order of magnitude 
greater. 

5 .  In  the computational experiments, it is established that a 
500-km domain and 20-km resolution are satisfactory for the latent 
heating functions studied. A variable grid is utilized in some experi- 
ments to economicalfy gain higher resolution near the center. For a 
40-percent gain in computational time, differences in maximum 
wind are less than 0.1 percent using the variable grid. 

6. Isentropic coordinates may be used effectively in numerical 
models and are particularly effective in studying adiabatic and 
diabatic effects. 

Although the results presented have shown that the 
size and intensity of the tropical cyclone is directly 
linked to thermal forcing, the question of what determines 
the heating profiles has not been investigated. Large- 
scale synoptic features such as sea and environment 
temperatures and horizontal and vertical shears are all 
important in determining the distribution of convection 
that leads to the development and maintenance of the 
tropical storm. Theoretical investigation of these proper- 
ties will require more sophisticated numerical models 
to describe the delicate balance in the early stages of 
hurricane development. 

3. In experiments with a constant horizontal eddy coefficient and . 
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